Abstract. Based on the notion of q k -derivative introduced by the authors in [17], we prove in this paper existence and uniqueness results for nonlinear second-order impulsive q k -difference equations with antiperiodic boundary conditions. Two results are obtained by applying Banach's contraction mapping principle and Krasnoselskii's fixed point theorem. Some examples are presented to illustrate the results.
Introduction and preliminaries
In [17] the notions of q k -derivative and q k -integral of a function f : J k := [t k , t k+1 ] → R, have been introduced and their basic properties was proved. As applications existence and uniqueness results for initial value problems for first and second order impulsive q k -difference equations are proved.
We recall the notions of q k -derivative and q k -integral on finite intervals which can be found in [17] . For a fixed k ∈ N ∪ {0} let J k := [t k , t k+1 ] ⊂ R be an interval and 0 < q k < 1 be a constant. We define q k -derivative of a function f : J k → R at a point t ∈ J k as follows: Definition 1.1. Assume f : J k → R is a continuous function and let t ∈ J k . Then the expression
is called the q k -derivative of function f at t.
We say that f is q k -differentiable on J k provided D q k f (t) exists for all t ∈ J k . Note that if t k = 0 and q k = q in (1.1), then D q k f = D q f , where D q is the well-known q-derivative of the function f (t) defined by
In addition, we should define the higher q k -derivative of functions. Definition 1.2. Let f : J k → R be a continuous function, we call the secondorder q k -derivative D
Similarly, we define higher order q k -derivative D n q k :
The properties of q k -derivative are summarized in the following theorem.
(ii) For any constant α, αf :
.
Note that if t k = 0 and q k = q, then (1.3) reduces to q-integral of a function f (t), defined by
Theorem 1.5 ([17]
). For t ∈ J k , the following formulas hold:
. In this paper, we consider the following boundary value problem for nonlinear second-order impulsive q k -difference equation with anti-periodic boundary conditions
The book by Kac and Cheung [13] covers many of the fundamental aspects of the quantum calculus. In recent years, the topic of q-calculus has attracted the attention of several researchers and a variety of new results can be found in the papers [1] , [2] , [3] , [4] , [5] , [6] , [8] , [9] , [10] , [11] , [12] , [18] , [19] and the references cited therein.
Impulsive differential equations, that is, differential equations involving impulse effect, appear as a natural description of observed evolution phenomena of several real world problems. For some monographs on the impulsive differential equations we refer to [7] , [15] , [16] .
In this paper we prove existence and uniqueness results for the impulsive boundary value problem (1.4) by using Banach's contraction mapping principle and Krasnoselskii's fixed point theorem. The rest of this paper is organized as follows: In Section 2 we present the main results while examples illustrating the results are presented in Section 3.
Main results
is continuous everywhere except for some t k at which
Banach space with the norm x P C = sup{|x(t)|; t ∈ J}.
Lemma 2.1. The unique solution of problem (1.4) is given by
Proof. For t ∈ J 0 , taking q 0 -integral for the first equation of (1.4), we get
For t ∈ J 0 we obtain by q 0 -integrating (2.2),
In particular, for t = t 1
Using the third condition of (1.4) with (2.3), it follows that
Taking q 1 -integral to (2.5) for t ∈ J 1 , we obtain
Applying the second equation of (1.4) with (2.4) and (2.6), we get
Repeating the above process, for t ∈ J, we get
Using the first boundary condition of (1.4) with (2.8) and (2.9), we get
From (2.7), it is easy to verify that
and
The second boundary condition of (1.4) with (2.11) and (2.12), one has
Applying (2.13) for (2.10), it follows that
Substituting the values of A and B in (2.7), we obtain the solution (2.1).
In view of Lemma 2.1, we define an operator F : P C(J, R) → P C(J, R) by
It should be noticed that problem (1.4) has solutions if and only if the operator F has fixed points.
For convenience, we define constants
then boundary value problem (1.4) has a unique solution in [0, T ].
Proof. We transform the problem (1.4) into a fixed point problem, x = F x, where the operator F is defined by (2.15). By using the Banach contraction principle, we shall show that F has a fixed point which is the unique solution of problem (1.4).
Setting sup t∈J |f (t, 0)| = M 1 < ∞, sup{|I k (0)| ; k = 1, 2, . . . , m} = M 2 < ∞ and sup{|I * k (0)| ; k = 1, 2, . . . , m} = M 3 < ∞. By choosing r ≥ γ 1−ε , where δ ≤ ε < 1, we show that F B r ⊂ B r , where B r = {x ∈ P C(J, R) : x ≤ r}. For x ∈ B r , we have
It follows that F B r ⊂ B r .
For x, y ∈ P C(J, R) and for each t ∈ J, we have
This implies that F x−F y ≤ Ω x−y . As Ω < 1, therefore F is a contraction. Hence, by the Banach's contraction mapping principle, we get that F has a fixed point which is the unique solution of the problem (1.4). Now, we give another existence result by using Krasnoselskii's fixed point theorem.
Lemma 2.3 (Krasnoselskii's fixed point theorem, [14] ). Let M be a closed, bounded, convex and nonempty subset of a Banach space X. Let A, B be the operators such that (a) Ax + By ∈ M whenever x, y ∈ M ; (b) A is compact and continuous; (c) B is a contraction mapping. Then there exists z ∈ M such that z = Az + Bz.
Further, to simplify the results we set:
holds. In addition, we assume that:
then boundary value problem (1.4) has at least one solution in J.
Proof. We define sup t∈J |µ(t)| = µ and choose a suitable constant r as r ≥ µ Λ + ρ, where Λ and ρ are defined by (2.19) and (2.20), respectively. We define the operators Φ and Ψ on B r = {x ∈ P C(J, R) :
For x, y ∈ B r , we have
Thus, Φx + Ψy ∈ B r . For x, y ∈ P C(J, R) , we have
2 ))((1/(1 + |x|)) + 1)) + 2/3, I k (x) = |x|/(6(8 + |x|)) and x(t
x(t k ) = Hence, by Theorem 2.4, the anti-periodic impulsive q k -difference boundary value problem (3.2) has at least one solution on [0, 1].
